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i Abstract. We associate a bivariant theory to any suitable oriented Borel-Moore homol- 

' ogy theory on the category of algebraic schemes or the category of algebraic G-schemes. 

■ Applying this to the theory of algebraic cobordism yields operational cobordism rings and 

■ operational G-equivariant cobordism rings associated to all schemes in these categories. In 
1^ I the case of toric varieties, the operational T-equivariant cobordism ring may be described 

' as the ring of piecewise graded power series on the fan with coefficients in the Lazard ring. 
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, 1. Introduction 

The purpose of this article is to study the operational bivariant theory B* associated to a 
refined oriented Borel-Moore pre-homology theory B*, and the equivariant versions of these 



theories. We apply this to the algebraic cobordism theory of Levine and Morel lUSi to 
construct the operational bivariant cobordism theory CI*. As an application, we describe the 
operational T-equivariant cobordism D.j[X^) for a toric variety X^. 

Bivariant theories were defined by Fulton and MacPherson IHUZl- A bivariant theory 
assigns a group B*(X Y) to every morphism X ^ Y of schemes. The theory contains 
both a covariant homology theory B^(X) = B*(X pt) and a contravariant cohomology 
theory B*(X) = B*(Idx : X X), but the bivariant theory can be more general in the 
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sense that there may be invariants of the theory that are not determined by homology and 
cohomology alone IHl. Starting with a suitable homology theory B*(X), one can extend 
it to a bivariant theory B*. The definition of this bivariant theory is a generalization of 
the construction of Fulton and MacPherson in [81 [7]] of a bivariant theory A* associated 
to the Chow theory A*. The elements of B*(X Y] are certain compatible operators on 
the homology groups B*, hence the bivariant theory is called the operational bivariant 
theory. The only bivariant theories we consider in this paper are the operational ones. An 
operational bivariant theory can be viewed as a method of constructing a cohomology 
theory B* out of a homology theory B*. The cohomology theory takes values in rings, 
hence there is a well-defined intersection product in this theory. The Chem class operators 
naturally lie in the cohomology B*. 

The operational cohomology theory B* at first seems very intractable. A single element 
of B*(X) is defined by an infinite set of homomorphisms. However, Kimura ||T2| has 
shown that, in case of Chow theory A*, the bivariant cohomology groups A*(X) for an 
arbitrary variety X can often be computed if one knows the homology groups A* ( Y) for 
smooth varieties Y. Payne IITSB carried out this computation for the equivariant Chow 
cohomology Aj of toric varieties. By a result of Brion |3l, the T-equivariant Chow ring 
Aj(Xa) of a smooth toric variety Xa can be identified with the group of integral piecewise 
polynomial functions on the fan A. Payne showed that the ring of such functions on an 
arbitrary fan A gives the operational T-equivariant Chow cohomology Aj(Xa). A similar 
computation in the case of K-theory is done by Anderson and Payne [1]]. Brion and Vergne 
m (see also Vezzosi and Vistoli ||20| ) have proved that the T- equivariant K-theory ring 
of a smooth toric variety Xa is isomorphic to the ring of integral piecewise exponential 
functions on the fan A. Anderson and Payne show that for an arbitrary fan A this ring 
gives the operational T-equivariant K-cohomology of the variety Xa- 

One of the goals of this article is to extend the results of Payne and Anderson-Payne to 
the case of algebraic cobordism. The T-equivariant algebraic cobordism of smooth toric 
varieties was computed by Krishna and Uma ||T4| . Using the same terminology as in the 
case of Chow theory and K-theory, the equivariant cobordism ring Qj(Xa) of a smooth 
toric variety Xa can be identified with the ring of piecewise graded power series on the 
fan A, with coefficients in the Lazard ring L. We will prove that for a (quasiprojective) fan 
A the same ring is isomorphic to the operational T-equivariant cobordism ring Oj(Xa) of 
the variety Xa. 

We start by constructing the operational bivariant theory B* for as large a class of ho- 
mology theories B* as possible. To carry out the construction of the operational bivariant 
theory, it suffices to assume that B,, is a refined oriented Borel-Moore pre-homology theory 
(ROBM pre-homology theory). This is a weakening of the notion of oriented Borel-Moore 
homology theory IITSl Definition 5.3.1] with refined Gysin homomorphisms, where we 
do not require the projective bundle, extended homotopy and the cellular decomposition 
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properties. The various constructions can be summarized by a diagram as follows: 

> B* 



'G 



> B*. 



Each horizontal arrow associates to an ROBM pre-homology theory its operational bi- 
variant theory This step can be applied to an arbitrary ROBM pre-homology theory B*, 
including its equivariant version B^ for a linear algebraic group G. The vertical arrows 
associate to a theory its G-equivariant version using Totaro's algebraic approximation of 
the Borel construction from topology |T9|. For these constructions to be well-defined, we 
need to assume that the ROBM pre-homology theory B^. has the localization and homo- 
topy properties. The construction of B^ is a direct generalization of similar constructions 
in Chow theory by Totaro [191 arid by Edidtn and Graham ||5]], and in algebraic cobordism 
by Krishna l|T3l and by Heller and Malagon-Lopez |[TT|. 

We will prove that the above square commutes; more precisely, the two ways to con- 
struct Bq agree if we assume that the original theory B* has certain exact descent se- 
quences for envelopes. Such sequences were first proved by Gillet HI in K-theory and 
Chow theory, and they were used by Edidin and Graham |[5l to prove the commutativity 
of the square above for Chow theory. The Edidtn-Graham proof can be generalized to an 
arbitrary ROBM pre-homology theory, but the descent property depends on the theory. 
The descent property for the algebraic cobordism theory was proved in |[T0|. 

The descent property in the Chow theory was used by Kimura in |[T2| to give an induc- 
tive construction of operational Chow cohomology classes. We will generalize Kimura's 
proofs to arbitrary ROBM pre-homology theories that satisfy the descent property. 



Levine and Morel lUSll showed that the algebraic cobordism theory is universal among 
all oriented Borel-Moore homology theories. We can not prove any similar universality 
statement for the operational bivariant theory or its cohomology. Yokura | |2T| has pro- 
posed a geometric method for constructing a bivariant algebraic cobordism theory D.*, 
which would be universal among a class of oriented bivariant theories. The homology 
of this bivariant theory CI* is expected to be the algebraic cobordism O^,. By universality, 
there should exist a natural transformation from Yokura's bivariant CI* to the operational 
CI*, restricting to an isomorphism between the homology theories. To relate these two 
theories would then be an interesting problem. 

The paper is organized as follows. We define refined oriented Borel-Moore pre-homology 
theories in §|2l In §|3]we define bivariant theories and associate the operational bivariant 
theory B* to any ROBM pre-homology theory B* in the categories Sch^ and G-Sch^, which 
among other properties has the original theory B* as its associated homology theory (see 
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Proposition |3.1|) and has the Poincare duality isomorphism between homology and co- 
homology in the nonsingular case (see Proposition |3.2|) . In §|4]we start from any ROBM 
pre-homology theory on Schi^ that satisfies the localization and homotopy properties 
and construct the G-equivariant ROBM pre-homology theory B^ on G-Sch]^ by taking a 
limit over successively better approximations of the Borel construction. In §|5]we show 
that if B* has exact descent sequences (|5.1|) , then the computation of bivariant classes can 
be inductively reduced to the nonsingular case (see Theorem 15.61 and Theorem |5.3|) , and 
that furthermore the operational equivariant theory Bg can alternatively be computed by 
applying the limit construction directly to the operational theory B* (see Proposition |5.2|) . 

In §[6]we overview the theory of algebraic cobordism Q*. We conclude this article in §[7| 
by showing in Theorem 17.21 that the operational T-equivariant cobordism ring of a toric 
variety can be described as the ring of piecewise graded power series on the fan with 
coefficients in the Lazard ring. 

Acknowledgments. The authors would like to thank Dave Anderson, William Fulton 
and Sam Payne for insightful conversations. This work started by trying to understand 
the operational equivariant K-theory of toric varieties constructed by Dave Anderson and 
Sam Payne. 

2. Refined Oriented Borel-Moore pre-Homology Theories 
2.1. Notation and Conventions. 

2.1.1. Throughout this article all of our schemes will be defined over a fixed field k. We 
denote by Schi^ the category of separated finite type schemes over Spec k and by Sch^ 
the subcategory of Schi^ with the same objects but whose morphisms are the projective 
morphisms. We denote by Sm^ the full subcategory of Sch^ of smooth and quasiprojec- 
tive schemes. By a smooth morphism we always mean a smooth and quasiprojective 
morphism. Ab* will denote the category of graded abelian groups. 

2.1.2. Let G be a linear algebraic group. A G -linearization of a line bundle f : L ^ X over 
the G-scheme X, is a G-action 0:GxL^LonL such that f is G-equivariant and for every 
X G X and g G G the action map (Dg : ^ Lgx is linear. We denote by G-Schic the category 
whose objects are the separated finite type G-schemes over Spec k that admit an ample G- 
linearizable line bundle and whose morphisms are G-equivariant morphisms. We denote 
by G-Sch|^ the subcategory of G-Schi^ with the same objects but whose morphisms are the 
projective G-equivariant morphisms. Note that all schemes in G-Schi^ are assumed to be 
quasiprojective; this is needed in the construction of equivariant theories using the GIT 
quotients. 
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2.1.3. In §§|5llZlwe will assume that k has characteristic zero and in §§ l4.2ll4!4] we will as- 
sume that k is infinite. The assumption on the characteristic of k is only meant to guaran- 
tee the existence of smooth projective envelopes in the categories Sch^ and G-Schk and to 
provide the setting for the use of Levine-Pandharipande's version of algebraic cobordism, 
which requires resolution of singularities by projective morphisms, weak factorization 
for birational maps and some Bertini-type theorems that hold in characteristic zero. The 
assumption on the cardinality of k is only used explicitly in the proof of Proposition [ 



2.1.4. We call a morphism f : Z ^ X in one of the categories C = Sch^ or C = G-Schi^ 
a locally complete intersection morphism in C or simply an l.c.i. morphism in C, if there 
exist a regular embedding i : Z Y and a smooth morphism g : Y X, with g and i in 
C such that f = gi. When we work in the category G-Sch^ and we say that a morphism 
f is an equivariant l.c.i. morphism or simply an l.c.i. morphism we mean that f is an 
l.c.i. morphism in G-Sch^. We follow the convention that smooth morphisms, and more 
generally l.c.i. morphisms, are assumed to have a relative dimension. If f : X ^ Y is an 
l.c.i. morphism of relative dimension d (or relative codimension — d) and Y is irreducible, 
then X is a scheme of pure dimension equal to dim Y + d. 

2.2. ROBM pre-Homology Theories. 

2.2.1. For simplicity, we unify the treatment of the cases when the ambient category is 
Sch]^ or G-Schk for some algebraic group G. Therefore, through the rest of this section we 
fix the category C, which is either Sch^ or G-Schk, and we assume that all the schemes 
and morphisms are in C (e.g. the statement for any morphism should be interpreted as 
for any morphism in C). Likewise, when C = G-Sch^, by an l.c.i. morphism we mean an 
equivariant l.c.i. morphism. The category C is defined to be Sch,^ or G-Sch(,, depending 
on whether C is equal to Sch^ or G-Sch^, respectively. 

Let us start by recalling the definition of a Borel-Moore functor on C and several extra 



structures on it from 115 1 



Definition 2.1. A Borel-Moore functor on C is given by: 

(Di) An additive functor : C ^ Ab*, i.e., a functor H^, : C Ab* such that for any 
finite family (Xi , . . . , Xr) of schemes in C, the morphism 

r r 

0H,(XO^H,(]JXt) 

1=1 i=l 

induced by the projective morphisms Xt C U]^^ Xt is an isomorphism. 

(D2) For each smooth equi dimensional morphism f : Y ^ X of relative dimension d in 
C a homomorphism of graded groups 

r :H,(X) ^H,+d(Y). 
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These data satisfy the following axioms: 

(Ai) For any pair of composable smooth equidimensional morphisms (f : Y ^ X, g : 
Z ^ Y) of relative dimensions d and e respectively, one has 

(fog)* = g*or :H,[X) ^H,+d+e(Z). 

In addition, Idx = IdH»(x) for any X E C. 

(A2) For any projective morphism f : X — > Z and any smooth equidimensional mor- 
phism g : Y ^ Z, if one forms the fiber diagram 

9' 

f f 
Y^--Z 

then 

9 f * = f*g • 

Notation 2.2. For each projective morphism f the homomorphism H^,(f) is denoted f* 
and called the push-forward along f . For each smooth equidimensional morphism g the 
homomorphism g* is called the pull-back along g. 

Definition 2.3. A Borel-Moore functor with exterior product on C consists of a Borel-Moore 
functor H* on C, together with: 

(D3) An element 1 G Ho(Speck) and for each pair (X, Y) of schemes in C, a bilinear 
graded pairing (called the exterior product) 

X :H,(X) xH,(Y)^H,(XxY) 
[a, |3) 1-^ a X (3 

which is (strictly) commutative, associative, and admits 1 as unit. 
These satisfy 

(A3) Given projective morphisms f : X X' and g : Y ^ Y' one has that for any classes 
aGH,(X) and|3 G H,(Y) 

(f X g),(a X (3) = f,(a) x g,(|3) G H,(X' x Y'). 

(A4) Given smooth equidimensional morphisms f : X X' and g : Y ^ Y' one has that 
for any classes a G H*(X') and (3 G H*(Y') 

(f X g)*(a X |3) = r(a) x g*((3) G H,(X x Y). 

Remark 2.4. Given a Borel-Moore functor with exterior product H*, the axioms give (Spec k) 
a commutative, graded ring structure, give to each H^.(X) the structure of H*(Speck)- 
module, and imply that the operations f* and f* preserve the H*(Speck)-module struc- 
ture. 
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Definition 2,5. A Borel-Moore functor with intersection products on C is a Borel-Moore func- 
tor on C, together with: 

(D4) For each l.c.i. morphism f : Z ^ X of relative codimension d and any morphism 
g : Y ^ X giving the fiber diagram 

f 



Z — X, 



a homomorphism of graded groups 



f' :H,(Y)^H,_a(W). 



These satisfy 

(A5) If f 1 : Zi ^ X and fi : Z2 
giving the fiber diagram 



Zi are l.c.i. morphisms and g : Y ^ X any morphism 



Y 



f2 



Zi 



X, 



one has (f, of2)g = (fajg, o (fij^. 

(Ag) If f) : Z-\ ^ Xi and f2 : Z2 ^ X2 are l.c.i. morphisms of relative codimensions d 
and e, respectively, and hi : Y ^ Xi and h2 : Y ^ X2 are arbitrary morphisms giving the 
fiber diagram 



W ^ W2 



Wi 



Y — ^X2 



Xi 



one has [h]^,, o if^]^ = [fzt.^ « if,]^ : B,Y ^ B,_d-eW. 
(A7) For any smooth morphism f : Y ^ X one has f|j = f*. 
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For any l.c.i morphism f : Z ^ X, any morphism g : Y 
h : Y' ^ Y, if one forms the fiber diagram 



X and any morphism 




then 



(Ag) If g and f are Tor-independent in Schk (i.e., if Tor^'^ [Oy, Oz) = for all j > 0) then 



ff'l 



w* o r- 



(Ag) If h is projective then f g o = h;^ o f-^^. 
(Aio) If H is smooth equidimensional then f o h* 

Notation 2.6. Given a Borel-Moore functor with intersection products H*, for any l.c.i. 
morphism f : Z ^ X of relative codimension d, the map : H^,(X) H^^^IZ] is called 
the l.c.i. pull-back along f and denoted f*. For each l.c.i morphism f : Z ^ X and each 
morphism g : Y ^ X we call the morphism f g the refined l.c.i. pull-back along f associated to 
g. We will usually denote fg simply by f' with an indication of where it acts. When the 
l.c.i. morphism f is a regular embedding then f g is called a refined Gysin homomorphism. 
Refined Gysin homomorphisms and smooth pull-backs can be composed to construct all 
refined l.c.i. pull-backs. 

Definition 2.7. A Borel-Moore functor with compatible exterior and intersection products on C 
consists of a Borel-Moore functor on C endowed with exterior products and intersec- 
tion products that in addition satisfy 

(All) If for i = 1 and i 2, ft : Zi ^ Xi is an l.c.i. morphism and g^ : Y^ ^ X^ is an 
arbitrary morphism and one forms the fiber diagram 




one has that for any classes cxi G H*(Yi ) and oii G H*(Y2) 

Notation 2.8. We will call a Borel-Moore functor with compatible exterior and intersection 
products a refined oriented Borel-Moore pre-homology theory (ROBM pre-homology theory, 
for short). 
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Examples of ROBM pre-homology theories are Chow theory A* (see IZl), K-theory (i.e. 
the Grothendieck K-group functor Go of the category of coherent Cx-modules, graded by 
Go®zZ[|3, (3^^] -see IITSl Example 2.2.5]-), and algebraic cobordism D.^ (see IITSi ) on the 
category Schi^; and equivariant Chow theory and equivariant algebraic cobordism 
on the category G-Sch^ constructed as in §|4](see ||5l, | [T3| and |[TT|). 

Levine and Morel in flSl consider the notion of an oriented Borel-Moore homology theory, 
which is an ROBM pre-homology theory but with l.c.i. pull-backs only instead of refined 
l.c.i. pull-backs, and with additional axioms called projective bundle, extended homo- 
topy and cellular decomposition properties. Because of the refined l.c.i. pull-backs, an 
oriented Borel-Moore homology theory is not necessarily an ROBM pre-homology theory. 
However, one can construct refined l.c.i. pull-backs from ordinary l.c.i. pull-backs by 
deformation to the normal cone argument of Fulton and MacPherson, provided that the 
theory additionally satisfies the homotopy and localization properties (see §|4]for these 
properties). We will need the homotopy and localization properties when working with 
equivariant theories, hence an alternative theory that is sufficient for the constructions be- 
low would be a Borel-Moore functor with compatible l.c.i. pull-backs and exterior prod- 
ucts, that additionally satisfies the homotopy and localization properties. 

Definition 2.9. If H^. is an ROBM pre-homology theory, for any line bundle L ^ Y in 
C with zero section s : Y L one defines the operator Ci(L) : H*(Y) H*_i (Y) by 
ci(L) = s*s*, and calls it the first Chern class operator of L. 

2.3. Cohomology theory. Let be an ROBM pre-homology theory. For a smooth scheme 
X of pure dimension n, define 

H*(X) = Hn-.(X). 

For an arbitrary smooth scheme we extend this notion by taking the direct sum over pure 
dimensional parts of X. 

The groups H* (X) are commutative graded rings with unit, with product defined by 

H*(X) X H*(X)^H*(X) 
(a,b) h^A*(axb), 

where Ax : X X x X is the diagonal map and Ax is the l.c.i. pull-back. Associativity 
of the product follows from (A5) and (An) applied to two different ways to construct the 
diagonal X^XxXxXby composing Ax. 

Let n : X ^ Speck be the structure morphism and define 1x = 7r*(l) G H^^X), where 
1 — 1 Speck £ H° (Speck) is the element specified in (D3). Then 1x is the multiplicative 
identity in the ring H*(X). 

Axioms (A5) and (An) imply that if f : X ^ Y is an l.c.i. morphism between smooth 
schemes, then f * : H* ( Y) H* (X) is a homomorphism of graded rings with unit. Thus, 
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we may view H* as a contravariant functor from the category of smooth schemes and 
l.c.i. morphisms in C to the category of commutative graded rings with unit. In the next 
section we extend this functor to the whole category C. 

3. Operational Bivariant Theories 

In this section we consider a refined oriented Borel-Moore pre-homology theory B* on 
one of the categories C = Schk or C = G-Sch^, and associate to it a bivariant theory B* on C. 
We present a unified treatment of these two cases. Therefore throughout this section we 
fix one of these two categories and denote it by C, and we assume that all the schemes and 
morphisms are in C following the conventions described in 12.2. 1[ The constructions that 
we present in this section follow the ideas in [71, Chapter 17] where a bivariant theory A* 
is constructed for the Chow theory A*. Some definitions and proofs have been modified 
to adapt them to our more general setting. 

3.1. Bivariant theories. A bivariant theory B* on C assigns to each morphism f : X ^ Y 
in C a graded abelian group B*(X Y). The groups B*[X Y) are endowed with three 
operations called product, push-forward and pull-back, which are mutually compatible 
and admit units: 

(Pi) Product. For all morphisms f : X Y and g : Y ^ Z, and all integers p and q, there 
is a homomorphism 

BP(X A Y) ® B^tY A Z) ^ BT'+^fX ^ Z). 
The image of c (g) d is denoted c • d. 

(P2) Push-forward. If f : X Y is a projective morphism, g : Y ^ Z is any morphism 
and p is an integer, there is a homomorphism 

f, :BP(X^Z) ^BP(Y AZ). 

(P3) Pull-back. If f : X ^ Y and g : Y' ^ Y are arbitrary morphisms, f ' : X' = XxyY' Y' 
is the projection and p is an integer, there is a homomorphism 

g*:BP(xAY)->BT'(X' Ay'). 

(U) Units. For each X there is an element Ix G B°(X A X), such that a • 1x = <x and 
Ix • (3 = (3, for all morphisms W ^ X and X ^ Y, and all classes oc e B*(W ^ X) and 
(3 G B*(X ^ Y). These unit elements are compatible with puU-backs, i.e., g*(lx) = Iz for 
all morphisms g : Z ^ X. 

These operations are required to satisfy the following seven compatibility properties: 

(Bi) Associativity of products. If c G B*(X ^ Y), d G B*(Y ^ Z) and e G B*(Z ^ W), then 

(c ■ d) • e = c ■ (d- e) gB*(X^W). 
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(B2) Functoriality of push-forwards. If c G B*(X ^ Y), then Idx*c = c G B*(X ^ Y). 
Moreover, if f : X ^ Y and g : Y ^ Z are projective morphisms, Z ^ W is arbitrary, and 
dG B*(X^ W),then 

(gf),d = g,(f,d) G B*(Z^ W). 

(B3) Functoriality of pull-backs. If c G B*(X ^ Y), then Idy c = c G B*(X ^ Y). Moreover, 
if f : X ^ Y, g : Y' ^ Y and H : Y" ^ Y' are arbitrary morphisms, X" = X Xy Y" Y" is 
the projection, and d G B*(X ^ Y), then 

(gh)*d = H*(g*d) G B*(X" ^ Y"). 



(B12) Product and push-forward commute. If f : X ^ Y is projective, \ ^ Z and Z ^ W 
are arbitrary, and c G B*(X ^ Z) and d G B*(Z W), then 

f,(c)-d = f,(c-d) gB*(Y^W). 

(B13) Product and pull-hack commute. If c G B*(X A Y) and d G B*(Y A Z), and H : Z' ^ 
Z is arbitrary, and one forms the fiber diagram 




then 



(h)*(c • d) = h'*(c) • h*(d) G B*(X' ^ Z'] 



(B23) Push-forward and pull-hack commute. If f : X ^ Y is projective, g : Y Z and 
h : Z' ^ Z are arbitrary morphisms, and c G B* (X ^ Z), and one forms the fiber diagram 

X'^Y' — Z' 

h" 

X^Y^Z, 



then 



h*(f,c)=f:(h*c)GB*(Y'^Z') 



(B123) Projection formula. If f : X ^ Y and g : Y ^ Z are arbitrary morphisms, h' : Y' ^ Y 
is projective and c G B*(X ^ Y) and d G B*(Y' Z), and one forms the fiber diagram 

X' Y' 



X 



Y 



then 



c-h:(d) = h:'(h'*(c)-d)GB*(x^z) 
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The group BP(X -> Y) may be denoted by simply by BP(X Y] or B'Pif). We will 
denote by B*(X A Y), B*(X Y) or B*(f) the direct sum of all BP(X A Y], for p e Z. 

3.2. Homology and Cohomology. A bivariant theory B*(X Y] contains both a covari- 
ant homology theory B*(X) and a contravariant cohomology theory B*(X). 

The homology is defined by Bp(X) = B^^(X Speck). For any projective morphism 
f : X ^ Y, the push-forward in the bivariant theory defines the functorial push-forward 
map in homology f* : B*(X) B*(Y]. 

The cohomology is defined by B^IX) — BP(Idx : X ^ X). The product operation in 
the bivariant theory turns B*(X) into a graded ring with unit Ix and turns B*(X) into a 
graded left module over B*(X). The product operation B*(X) x B*(X) BJX] is called 
cap product and denoted (a, (3) i-^ a n |3. For any morphism f : X ^ Y, the pull-back in 
the bivariant theory defines a functorial pull-back f* : B*(Y) B*(X). The pull-back map 
is a homomorphism of graded rings. When f is a projective morphism, then the projection 
formula relates the pull-back, push-forward, and cap product as follows: 

f*(f*((x) n (3) = anf,((3). 

3.3. Operational bivariant theories. We now fix an ROBM pre-homology theory B* on C 
and associate a bivariant theory B* to it. 

Let f : X ^ Y be any morphism. For each morphism g : Y' ^ Y, form the fiber square 

X' ^ Y' 



X 



Y 



with induced morphisms as labeled. An element c in Bp(X — > Y), called a bivariant class, 
is a collection of homomorphisms 

cM : B^Y' ^ B^_pX' 

for all g : Y' Y, and all ra G Z, compatible with projective push-forwards, smooth 
pull-backs, intersection products and exterior products, i.e.: 

(Ci) If h : Y" ^ Y' is projective and g : Y' ^ Y is arbitrary, and one forms the fiber 
diagram 
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then for all a G B^(Y"], 



c(-'(h.(x)=h:c';:V) 



inB^_p(X'). 

(C2] If h : Y" ^ Y' is smooth of relative dimension n and g : Y' ^ Y is arbitrary, and 
one forms the fiber diagram 

f " 

X" Y" 



X' 



X 



Y' 



Y 



then for all oc G B^(Y'), 
inB 



m+n-p (^")- 

(C3) If g : Y' ^ Y and H : Y' ^ Z' are morphisms, and i : Z" ^ Z' is an l.c.i. morphism 
of codimension e, and one forms the fiber diagram 

f " h ' 

X" ; Y" ^ 2" 



f ' h 

X'^^Y'^-^Z' 



X 



Y 



then for all a G B^(Y'), 



inB^_e-p(X"). 

(C4) If g : Y' ^ Y is arbitrary, and h : Y' x Z ^ Y' and H' : X' x Z 
projections, and one forms the fiber diagram 

X' X Z^^ Y' X Z 



X' are the 



h' 



X' 



f 



X 



Y' 



Y 



then for aU a G B,^{Y'] and |3 G Bi(Z), 



ctr^'(ax(3)=ct-Hcx)x(3 



14 



JOSE LUIS GONZALEZ AND KALLE KARU 



inB^+i_p(X' X Z). 

The three operations are defined as follows. 

Product: Let c G BP(X A Y] and d e (Y 
the fiber diagram 



Z]. Given any morphism h : Z' ^ Z, form 



X' 



Y' 



h" 



h' 



X 



Y 



Z' 



Z, 



h 



and for each integer ra define (c ■ d) 

Push-forward: Given c G Bp(X A Y 
diagram 

X'- 



(m-q) 



h 



B^Z' 



Z) and any morphism h : Z' ^ Z, form the fiber 



f 



X 



Y' 



Y 



Z' 



and for each integer ra define [f^:C) 



foci 



:B^Z'^B 



m— p 



Y'. 



Pull-back: Given c e BP(X — > Y) and morphisms g : Y' ^ Y and h : Y" ^ Y', form the 
fiber diagram 



X" 



X' 



f" 



Y" 



Y' 



X 



Y, 



'gh • l^mY 



Bm-pX". 



and for each integer ra define (g*c)|^ = c; 

It is straightforward to verify that these three operations are well defined (i.e., that 
c • d, f*c and g*c satisfy (Ci)-(C4), so that they define classes in the appropriate bivariant 
groups). Unit elements Ix G B°(X X), for each X, satisfying the property (U) are de- 
fined by letting them act by identity homomorphisms. It is also straightforward to check 
that the three operations satisfy properties (Bi)-(Bi23]. In conclusion, the operational the- 
ory is a bivariant theory. 

The only bivariant theories we will consider are the operational ones. By a bivariant the- 
ory we will mean an operational bivariant theory associated to an ROBM pre-homology 
theory. 
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3.4. Homology and Cohomology for Operational Bivariant Theories. Recall that any 
bivariant theory B*(X Y) contains a covariant homology theory B^*(X Speck) and 
a contravariant cohomology theory B* (Idx : X ^ X). We claim that if the bivariant theory 
B*(X Y) is the operational theory associated to an ROBM pre-homology theory B^,, 
then the homology theory B *(X Speck) is isomorphic to the original theory B*(X). 
Similarly, the cohomology theory B*(X X) agrees with the cohomology theory B*(X) 
constructed in ^ |2.3| for smooth schemes X. The proofs in this section are adapted from the 
proofs in (Zl] for the Chow theory. 

Proposition 3.1. For any X and each integer p the homomorphism 

(p :B-P(X^ Speck) ^ Bp(X) 

taking a bivariant class c to c{]) is an isomorphism. Here 1 = Ispeck G Bq (Speck) is the element 
specified by (D3) in Definition 12.31 The isomorphism cp is natural with respect to push-forwards 
along projective morphisms. 

Proof. Define a homomorphism : Bp(X) B^p(X Speck) as follows: Given any 
a G Bp(X), any morphism f : Y ^ Speck and a class a e Bra(Y), we define \|j(a)(a) = 
a X a G Bra+p (X X Y). It follows at once that \['(a) satisfies (Ci)-(C4) and ij; is a well defined 
homomorphism. 

For each a G Bp(X), one has (p(il)(a)) — ^]^[a)[^ ) = a x 1 = a G Bp(X), so cp o i]; is 
the identity. Given any c G B^t'(X Speck), any morphism Y Speck and any class 
cc G B^(Y),onehas\|j((p(c))(a) = •ip(c(l))(a) = c(l) x cc = c(1 x a) = c(a) G B"^+t'(Xx Y), 
so o (p is also the identity. 

Naturality of cp with respect to projective push-forwards follows from the definition of 
push-forward in the operational bivariant theory. □ 

Let us now consider the cohomology theory B*(X X). Note that an element c G 
W[X ^ X) is a collection of homomorphisms c["^' : BraX' Bra-pX', for all morphisms 
f : X' ^ X and all integers ra, that are compatible with projective push-forwards, smooth 
pull-backs, exterior and intersection products. Using the previous proposition we identify 
B^(X) with B"*(X Speck) and thus give B*(X) the structure of a module over B*(X 
X). 

Proposition 3.2 (Poincare duality). Let Xbe a smooth purely n-dimensional scheme and let 
B*(X) = Bn-*(X) be the cohomology theory defined in § 12.31 The homomorphism defined by cap 
product with Ix G B°(X); 

(p:B*(X^X) ^B*(X) 

is an isomorphism of graded rings that takes Ix G B°(X ^ X) to Ix G B°(X). The isomorphism 
(p is natural with respect to pull-backs by l.c.i. morphisms. 
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Proof. Let us fix an integer p and define a homomorphism : (X) = Bn-p (X) ^ B^^ (X ^ 
X) as follows: Given any a G Bn-p(X), any morphism f : Y ^ X and a class a G Bm^(Y), we 
define\|j(a)(a) = ■i|;(a)["''(cc) =yf*(a x a) G B^_pY, where yf = [fMr) : Y^ X x Yisthe 
transpose of the graph of f , which in this case is a regular embedding of codimension n. It 
is straightforward to check that i|>(a) is a bivariant class and x]^ is a group homomorphism. 

For each a G B^-pX, one has cp(\|;(a)) = ^\)[a){^x) = y^x^o. x 1x) = Idx a = a G B^-pX, 
so cp o i|; is the identity. Given any c G B^(X ^ X), any morphism f : Y ^ X and any 
class a G Btt^Y, one has \|;((p(c))(a) = ■\\)[c[]x))[oi) = ( c(1x) x a) = y^ (c(1x x a)) = 
c(yf (Ix X a)) = c(a) G Bn^-pY, so i|> o cp is also the identity. 

To verify the compatibility with multiplication, we show that for arbitrary classes a G 
Bn-p(X) and b G Bn-q(X) we have ^\>[a ■ b) = ^l>[a) ■ i^^b) G B^+^ilX ^ X). Indeed, given 
any morphism f : Y ^ X and any class 9 G Btt^Y, we have 



The element Ix G B°(X ^ X) acts as multiplicative identity, hence cap product with it 
maps Ix G B°(X) to itself . 

Let f : X ^ Y be an l.c.i. morphism between pure dimensional smooth schemes. Natu- 
rality of cp with respect to pull-back by f is equivalent to the identity 



Notation 3.3. We will denote B*(X) = B*(Idx : X ^ X) for an arbitrary scheme X in C. 
Proposition |3]2] shows that this contravariant functor on C, when restricted to the category 
of smooth schemes and l.c.i. morphisms, is isomorphic to the functor B* defined in ^ |2.3[ 

Remark 3.4. In his construction of a bivariant theory associated to Chow theory in 13. Chap- 
ter 17], Fulton uses the Chow theory versions of our axioms (Ci), (C2) and (C3), namely, 
compatibility of the bivariant classes with proper push-forwards, flat pull-backs and re- 
fined Gysin homomorphisms; but there is no explicit requirement of our axiom (C4), com- 
patibility with exterior products. This axiom (C4) does not appear explicitly in Fulton's 
construction because in the case of Chow theory A* axioms (Ci) and (C2) imply axiom 
(C4). More generally, this is true for any ROBM pre-homology theory B* that satisfies that 
for every X in C the group B^.(X) is generated by the projective push-forward images of 
the classes 1 y for all smooth varieties Y with a projective map to X. Indeed, using (Ci ) one 
reduces (C4) to the case where both Y' and Z are smooth varieties, and a = 1 y' and |3 = 1 z- 



In that case, from (C2) one obtains that c^^"^ '[^Y' x Iz) = c^gh[^Y'xz] = (H*1y') = 
h'*Cg"^'(lY') = Cg"^'(lY') X 1z, and then (C4) holds in general for B*. 



i|;(a-b)(e) 



Yfiri^M X b) X 0) = (f,f,IdY)*(a X b X 6) 
yf*((Idx,yf)*(a x b x 9)) = y;(a x y;(b x 9)) 
i|;(a)(-iKb)(9)) = (x^a) ■•il.(b))(9) G B^_p_qY 



r(c)mx = f*(cmY) 

for any c G B*(Y ^ Y), which holds by (C3) since Ix = f*(lY)- 



□ 
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4. The Equivariant Version of an ROBM pre-Homology Theory 

In this section we fix an ROBM pre-homology theory on the category Schi^ and con- 
struct its equivariant version Bf, which is an ROBM pre-homology theory on G-Sch^. The 
construction of B^ generalizes to arbitrary ROBM pre-homology theories similar construc- 
tions in Chow theory by Totaro IIT9B and Edidin-Graham |[5l, and in algebraic cobordism 
by Krishna (ISl and Heller-Malagon-Lopez |TT|. 

We will need to assume throughout this section that the field k is infinite and the theory 
B* satisfies the homotopy property (H] and the localization property (L): 

(H) Letp : E X be a vector bundle of rank r over X in Sch^. Thenp* : B*(X] B*_|_^(E] 
is an isomorphism. 

(L) For any closed immersion i : Z ^ X with open complement j : U = X \ Z ^ X the 
following sequence is exact: 

BJZ) ^B,(X) AbJU) ^0. 

4.1. Algebraic Groups, Quotients and Good Systems of Representations. Let G be a 

linear algebraic group. If X is a scheme with a G-action o" : G x X ^ X and the geometric 
quotient of X by the action of G exists it will be denoted by X ^ X/G. When the geometric 
quotient tt : X ^ X/G exists, it is called a principal G-bundle if the morphism n is faithfully 
flat and the morphism ij; = (0, prx) : G x X — 7' X Xx/g X is an isomorphism. By fUl 
Proposition 0.9], if G acts freely on U e G-Sch^ and the geometric quotient tt : U ^ U/G 
exists in Sch^, for some quasiprojective scheme U/G, then tt : U ^ U/G is a principal 
G-bundle. Moreover, by flTl Proposition 7.1], for any X G G-Schk the geometric quotient 
7t' : X X U (X x U]/G also exists in Sch^, it is a principal G-bundle and (X x U)/G is 
quasiprojective. In this case we denote the scheme (X x U)/G by X x'^ U. 

Definition 4.1. We say that {(Vi, Ui)}igz+ is a good system of representations of G if each Vt 
is a G-representation, Ui C V| is a G-invariant open subset and they satisfy the following 
conditions: 

(1) G acts freely on Ut and U^/ G exists as a quasiprojective scheme in Schk. 

(2) For each i there is a G-representation Wt so that Vi+i = Vi ® Wt. 

(3) Ui ® {0} C Ui+i and the inclusion factors as Ut Ut © {0} C Ui © Wi C U^+i . 

(4) codimv^(Vt \ Ut) < codimvj (Vj \ Uj), for 1 < j. 

For any algebraic group G there exist good systems of representations (see l|T9i Remark 
1.4]). The following lemma lists some basic facts regarding the properties of morphisms 
induced on geometric quotients. 

Lemma 4.2. Let f -.X ^ Y be a G-equivariant morphism in G-Sch^ and let {(Vi, UO} be a good 
system of representations of G. 
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(1) For each i the quotient X x'^ Ui, = (X x Ui)/G exists in Sch^ and it is quasiprojective. 
The induced morphisms : X x'^ ^ X x*^ Uj are l.c.i. morphisms for ] > i. IfXis 
smooth then X x lit zs also smooth. 

(2) Let Fbe a property of morphisms in the following list: open immersion, closed immersion, 
regular embedding, projective, smooth, l.c.i. Iff:X^Y satisfies the property P in the 
category G-Sch^ then the induced maps f i : X x lit ^ Y x lit satisfy property P in the 
category Sch^. 

(3) For any morphisms g : Y ^ X and i : Z ^ Xin G-Sch]^ and any indices j > i, the square 
diagrams 

WxUi ^YxUj Wx^Ui ^Yx^Uj 

g' 

ZxUi -XxUj, Zx^U^^^XxGUj, 

induced by the Cartesian product W = Y Xx Z are fiber squares, and furthermore they are 
Tor-independent if f and g are Tor-independent. 

Proof. For proofs of the assertions in (1) and (2] see Proposition 2] and flTl 2.2.2, 
Lemma 9]). For (3], given any T G Schi^ and morphisms g" : T Y x*^ Uj and f" : 
T — > Z X such that f ' o f " = g ' o g we let G act on T = T x ) x ^ ] via the mor- 
phism G X T ^ T induced by the product of the trivial action of G on T and the action of G 
on X X Uj. By |[T7l Amplification 7.1], G-equivariant morphisms from T to each of X x Uj, 
Y X Uj, Z X Ui^ and W x Ui correspond to the morphisms induced on the quotients from T 
to X X Uj, Y X Uj, Z X Ui^ and Wx^ Hi, respectively. The assertion that the squares in (3] 
are Cartesian follows easily from these observations. If f and g are Tor-independent, then 

Tor^'^lCv, Oz] = for all m > 0, and clearly Tor^"' (Cup OuJ = for all m > 0. Hence, 
by applying locally the spectral sequence associated to the double complex obtained as 
the tensor product of two complexes, we obtain that Torra ' (C^YxUp OzxuJ = for all 
m > 0. Since YxUj = (Yx'^Uj] x^xxQUj) (XxUj] and Z x Ut = (Zx'^Ut) x^xxQUj) (XxUj], 

Cx x 2 u • 

by faithfully flat base change for Torra, we have that Torra ' (Oyxgup C^zx^Ui) = for all 
m > 0. Therefore, in this case the given squares are also Tor-independent. □ 

4.2. Construction of B^(X). Fix a good system of representations {(Vt, Ui)} of G. For any 
scheme X e G-Sch^ define B^(X) = 0^^^ B^(X), where 

B^(X) =limBn+dhnU,-dhnG(X X<^ Ur). 
i 

To simplify notation, we will often write 

B^(X) =limBJX x^Ur), 
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where the limit is taken in each degree separately. Equivalently, the limit is taken in the 
category of graded abelian groups, with B*(X x*^ Ui) having grading shifted so that the 
maps in the inverse system are homogeneous of degree zero. 

To see that is independent of the choice of a good system of representations, one 
can formally follow the argument presented in the case of algebraic cobordism in |[TT1 
Proposition 15 and Theorem 16], which we outline below for the reader's convenience. 
The proof of the next proposition requires the field k to be infinite. 

Proposition 4.3. Assume that the ROBM pre-homology theory satisfies the properties (H) 
and [L]. Let n : 'E ^ Xbe a vector bundle over a scheme X of rank r. Let U C E fee an open 
subscheme with closed complement S = E \ U. 

(1) IfX is affineand codimn S > dimX then 7r|^ : B^[X) Bra+rlEl) is an isomorphism for 
all m. 

(2) For X arbitrary, there is as integer n(X) depending only on X, such that 7ti^ : Bm,(X) 
Bttt^+t-(U) is an isomorphism for all m whenever codim^ S > n(X). 

Proof. The case when B^, is algebraic cobordism is [fTTl Proposition 15]. The proof given 
in |[TT| only uses the formal properties of algebraic cobordism as an ROBM pre-homology 
theory satisfying (H) and (L), so it translates formally to the present setting. □ 

Proposition 4.4. For any X e G-Schi^, B^(X) is independent of the choice of a good system of 
representations of G up to canonical isomorphism. 

Proof. We use Bogomolov's double filtration argument. Let {(Vt, Ut)} and {(V^',U()} be 
good systems of representations of G. For a fixed index i, since G acts freely on Ui, it also 
acts freely on Ui, x Vj' and Ui, x U- for all j. Hence X x'^ (Ut x Vj') ^ X x'^ Ui is a vector 
bundle. By Proposition 14.31 (H), there is an integer Nt such that the l.c.i. pull-backs induce 
canonical isomorphisms 

BJXx^Ui)=B,(XxG(UiXU;]] 
for each j > N^. Therefore, there is a canonical isomorphism 

(4.1) JimB,(X UO = JimJimBjX x^ (Ut x U()). 

Similarly, exchanging the role of the good systems of representations we obtain a canoni- 
cal isomorphism 

(4.2) JimBjX x^ U;) = JimJimB,(X x'^ (Ut x U!)]. 



To get the conclusion we only need to observe that the right sides of (|4.1|t are (|4.2|) canoni 



cally isomorphic to the inverse limit of the system {B* (X x (U^ x Uj'] where the maps 

B,(X x^ (Ut X U.')] ^ BJX x^ [Uv X U']] 
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are the corresponding l.c.i. pull-backs for all i > i' and j > j '. 



□ 



4.3. The Induced ROBM pre-Homology Theory Structure on B^. We now show that the 
ROBM pre-homology structure of the theory B* induces an ROBM pre-homology struc- 
ture on B^. We use functoriality of the inverse limit to construct projective push forwards, 
smooth pull-backs, exterior and intersection products on B^. To define a homomorphism 
between two inverse limits, we construct a map between the two inverse systems. 

Fix a good system of representations {(Vi, Ui)} of G. Given any projective G-equivariant 
morphism f : X ^ Y, the morphisms {f i : X x lit ^ Y x Ui} are projective. The fiber 
square on the left in (|4.3|) is Tor-independent for any j > i. 



(4.3) 



X Ui 



X xG Ui 



Y x^ Ui 



Y x^ Uj 



BJX xG Ui) 



B.fXx^Uj 



B,(YxGUi) 



B.lYx^Uj 



hence the square on the right in (|4.3|) is commutative for any j > i. Hence, the maps fi^, 
induce a homomorphism between the limits f* : B^ (X) B^ (Y). 

Smooth pull-backs are defined in a similar way. For intersection products, given a G- 
equivariant l.c.i morphism f : Z ^ X of codimension d and any G-equivariant morphism 
g : Y X, with W = Z xx Y, first we apply the operation x'^Ui to the whole intersection 
product diagram. The result is again an intersection product diagram. The two leftmost 



fiber squares in (|4.4|) are Tor-independent for any j > i, 
(4.4) 

f ■ 

Z x<^ Ui X x^ Ui Wx^Ui -Yx'^Ui B,_d(WxGUi) --^B,(YxGUi) 



Z x'^ Ui 



Xx^Uj Wx^Uj 



Yx'^Uj B,_d(WxGUj; 



B.lYx^Uj] 



hence the square on the right in (|4.4|) is commutative for any j > i. Hence, the maps f j 
induce a homomorphism between the limits f' : B^(Y] B^_^(W). 

To define the exterior product, note that the morphisms 

(t)i : (X X Y) x^ (Ui X Ui) ^ (X x'^ Ui) x (Y x'^ Ui) 

are smooth (see BH Theorem 6.8]). We compose the associated smooth pull-back and the 
exterior product of B* to get 



Xi : B,(X x^ Ui) X B,(Y x*^ Ui) ^ B,((X x*^ Ui) x (Y x'^ Ui)) ^ B,((X x Y) x'^ (Ui x Ui)). 
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The morphisms xt are compatible with maps in the inverse systems, hence they define 
the exterior product map between limits: 

X : B,^X X B^Y^ B^(X x Y). 

The elements Iu^/g e B* (Speck x'^ Ut) define 1 e B^(X). 

It remains to prove that the theory B^ with the operations defined above satisfies the 
axioms of an ROBM pre-homology theory. Each axiom amounts to a statement about 
the commutativity of a diagram of homomorphisms. One can check that in each case 
the commutativity holds at each level i, hence it also holds in the limit. Using the dou- 
ble filtration argument as before, one can also check that these projective push-forwards, 
smooth pull-backs, exterior and intersection products are independent of the good system 
of representations. 

The conclusions of this section can then be summarized as: 

Theorem 4.5. The functor B^ with the projective push-forwards, smooth pull-backs, exterior and 
intersection products constructed above is a refined oriented Borel-Moore pre-homology theory on 
the category G-Schi^. We call B^ the equivariant version o/B*. 

4.4. Operational Equivariant Theory. For a given ROBM pre-homology theory B* on 
Schi^ we constructed an associated equivariant version B^ as an ROBM pre-homology 
theory on G-Sch^. The construction of §|3] applied to B* and to B^ produces respectively 
operational bivariant theories B* on Sch^ and (B*^)* on G-Sch^. We denote (B'^)* by Bq 
and call it the operational equivariant version of B^, 

One can switch the order of the two steps in the construction of B^ and define an "equi- 
variant operational" theory 

B* (X) =limB*(X x^ UO- 

i 

The two theories Bq (X) and Bq (X) turn out to be isomorphic if we assume that B^. satisfies 
the descent property (D) described in the next section. This property was first proved by 
Gillet |9| in the case of Chow groups and K-theory. It has several other consequences for 
ROBM pre-homology theories that are studied in the next section. 

5. Descent Sequences 

We assume in this section that the field k has characteristic zero, or more generally, we 
assume that every scheme X in Sch^ or in G-Schi^ has a smooth projective (equivariant) 
envelope tt : X ^ X as defined in 15. II We fix an ROBM pre-homology theory B* on one of 
the categories Sch^ or G-Sch]^ and consider the following property (D): 

(D) For any envelope tt : X ^ X, with n projective, the following sequence is exact 
(5.1) B,(XxxX) ^^^^B,(X) ^B,(X) ->0, 
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where pi : X Xx X ^ X is the projection on the i"^ factor, for i = 1,2. 



5.1. Envelopes. An envelope of a scheme X in Schi^ is a proper morphism tt : X ^ X such 
that for every subvariety V of X there is a subvariety V of X that is mapped birationally 
onto V by n. If G is an algebraic group, a G-equivariant envelope of a scheme X in G-Schi^ is 
a proper G-equivariant morphism ti : X ^ X such that for every G-tnvariant subvariety 
V of X there is a G-tnvariant subvariety V of X that is mapped birationally onto V by n. 

In the following, an envelope in the category Sch^ means an ordinary envelope and 
an envelope in the category G-Sch]^ means a G-equivariant envelope. If tt : X ^ X is an 
envelope, we say that it is a smooth envelope if X is smooth, and we say that it is a projective 
envelope if tt is a projective morphism. Likewise, we say that the envelope 7t : X ^ X is 
birational if for some dense open subset U of X, tt induces an isomorphism n\ : n^^ (U) U. 
The composition of envelopes is again an envelope and the fiber product of an envelope 
by any morphism is again an envelope. 

The domain X of an envelope is not required to be connected, hence if we assume that 
varieties over k admit (equivariant) resolutions of singularities via a projective morphism, 
then by induction on the dimension it follows easily that for every scheme X in Sch]^ 
(respectively in G-Schi^) there exists a smooth projective birational (equivariant) envelope 
TT : X ^ X. 

Notice that if 7t : X ^ X is an envelope in G-Sch^ and if U G G-Sch^ has a free G -action 
such that U/G exists as a quasiprojective scheme in Schk, then the induced morphism 
71q : Xx'^U Xx'^Uisan envelope in Sch^. Furthermore if n is either a smooth, 
projective or birational envelope, then Uq is a smooth, projective or birational envelope, 
respectively. Moreover, if n\ : n^^ (U) ^ U is an isomorphism for some G-invariant open 
subset U of X and {ZJ are G-invariant closed subschemes of X such that X \ U = UZi, then 
tcq maps the open subset Tt^^ (U x'^ U) = tt^ (U] x'^UofXx'^U isomorphically onto the 
open subset Ux'^UofXx'^U, and the closed subschemes {Zi x U} of X x U satisfy that 
(X \ U) x^ U = (X x^ U) \ (U x^ U) = U(Zi x^ U]. 

5.2. Operational Equivariant vs. Equivariant Operational. Assume now that the theory 
on Schk satisfies properties (H) and (L), and we can thus define the operational equi- 
variant theory Bq as well as the "equivariant operational" theory Bq as in § 14.41 We show 
that if B* also satisfies property (D), then these two bivariant theories are isomorphic. For 
simplicity, we prove this isomorphism only for the bivariant cohomology theory B^ (X). 

Lemma 5.1. Let B* be an ROBM pre-homology theory on Sch^ that satisfies (H), (L) and (D). 
Then, for any scheme X G G-Sch^ and any projective envelope n : X ^ X the push-forward 
homomorphism tt* : B^(X) B^(X) zs surjective. 
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Proof. Recall that the inverse limit |im is a left exact functor from the category of inverse 
systems of (graded) abelian groups. Given a short exact sequence of inverse systems 

^ (EJ ^ (FJ ^ (Gt) ^ 0, 

the sequence of limits 

^ |im Ei |im Ei ^ |im Gi ^ 

is exact if the system (Ei) satisfies the Mittag-Leffler condition. This condition is satisfied 
for example if the maps E^ Ej for i > j in the inverse system are all surjective. 

Given an exact sequence 

(EO^(EO^(Gt)^O, 

one may replace the system (E^ with its image (It) in (Ei) to get a short exact sequence. If 
all maps in the inverse system (EO are surjective, then they are also surjective in (It), and 
it follows that the map of limits lim E^ lim Gi is surjective. 

We apply the previous discussion to the sequence of inverse systems: 
B,((X xx X) x'^ UO ^ B,(X x*^ Ui) ^ B,(X x^ UO ^ 0. 
This sequence is exact by property (D): the map X x'^ lit ^ X x'^ is an envelope and 

(X xx X) x<^ U, = (X x^ UO XxxGu, (X x^ UO. 

For any scheme Y in G-Sch^, the l.c.i. pull-backs 

B,(Yx^UO ^B,(Yx'^Uj) 

are surjective for all i > j. This follows from properties (H) and (L) because the inclusion 
Yx'^Uj ^'Yx'^Ui can be factored as the inclusion of the zero section of a vector bundle 
followed by an open immersion. Applying this to the case Y = X Xx X gives the statement 
of the lemma. □ 

Proposition 5.2. If the ROBM pre-homology theory B* on Schi^ satisfies -properties (H), (L) and 
(D), then for any X in G-Sch^ there exists an isomorphism 

B^(X) = JimB*(X x^ U^). 

i 

The isomorphism is natural with respect to pull-back by any morphism f : X' ^ X m G-Sch^. 

Proof. Given X in G-Sch^ we define a homomorphism 

cpx : JimB*(X x*^ Ui) ^ B^(X) 

i 

as follows: Given c = (cO G |im . B* (X x UO, where Ci G B* (X x UO for each i, and given 
any G-equivariant morphism f : Y ^ X and a class oc— (oci) G B^(Y) = |im . B*(Y x'^ Ui), 
where OLi G B*(Y x'^ Ui) for each i, one defines (px(c)(a) = (Ci(ai)) G |im. B*(Y x'^ Ui) = 
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B^(Y). It is straightforward to verify that cpx(c) is well defined and is indeed a bivariant 
class in (X), so that cpx is a well defined homomorphism. 

It is clear from the definitions that cpx is natural with respect to pull-backs. 

We prove that cpx is an isomorphism. First, we consider the case when X is smooth. 
In this case, each X x is smooth as well. By Poincare duality (Proposition |3.2|| we 

have isomorphisms B* (X) ^ B^(X) and B*(X x<^ U^) '^^Jl^^ B,(X x^ UO for each i. 
Passing to the component-wise inverse limit, and composing appropriately, one obtains 
the isomorphism 

lim.B*(X x^ UO ^ Jim.B,(X x^ UO = B^(X) B^(X) 

. — 

which can be verified directly to be cpx. 

For the general case, given X we choose a G-equivariant envelope tt : X X so that n 
is projective and X is smooth. Let Tt^ : X x Ui ^ X x Ui be the induced morphisms. We 
get a commutative diagram: 

Jim. B*(X x'^ Ui)c ^^i^ Jim. B*(X x^ Ui) 



B*g(X)c ^ B*g(X) 

We claim that n* and (tt* ) are injective. To see this, assume that n*c = for some c G Bq (X). 
Given a G-equivariant map f : Y — > X and a class a G B^ (Y), form the fiber product 

Y^Y 



X— ^X 

with morphisms as indicated. Since n' is an envelope, by Lemma 15.11 there exists a G 
B^(Y) such that = a. We have c(a) = c«(ac)) = K[c[dc]) = <((7r*c)(a)) = 0, and 

it follows that n* is injective. Since each 7ti is also an envelope, the same argument proves 
that the 7t* are injective, and then so is the component-wise inverse limit homomorphism 
(tt? ]. In particular, it follows that (px is injective, as cpx is an isomorphism by the smooth 
case. 

To prove the surjectivity of cpx, we consider c G Bg(X), and construct an element map- 
ping to <p^\n*c]hy {n*). Letpj : XxxX ^ Xandp( : (Xx'^Ui) Xxxgui (Xx^Ui) ^ Xx^Ui 
be the projections on the corresponding j* factor, for j = 1 , 2. Let (Ci) G Jim. B*(X x'^ Ui) 
be the image of c under cp^^ o n*, where each Ci G B*(X x'^ Ui). Now, using that (PxxxX 
is injective and that (p, — p|)(7r*c) = 0, it follows that (pj* — p2*)(Ci) = for each 1. We 
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define a class (ct) G |im. B*(X x*^ lit) as follows: Given a morphism f : Y 
a class cx G B*(Y), form the fiber product 



X Ui and 



Y 



Y 



with morphisms as indicated, and define Ci((x) = 7r-'^[Ci[a)), where a G B*(Y) is any 
class satisfying 7r(^(a,) = a, (which exists since tt- is an envelope). To see that Ci[a) is 
independent of the choice of cc, it is enough to see that 7r(^(ci((3)) = for each class 
|3 G B*(Y) such that 7r(^|3 = 0. By property (D), given such class |3 there exists a class 
y G B*(Y Xy Y) such that (3 = gi*(y) — g2*(y)/ where gj : Y Xy Y Y are the projections, 
for j = 1,2. Since 7r(ogi = tt-' o g2, it follows that 7r( J Ci(|3)) = 7r.'jci(gu(y) - g2*(y))) = 
((7t( o gi)^ — (7t( o g2)*)(Ci(y)) = 0, and then Ci is well defined. It is straightforward 
to verify that each Ct satisfies the conditions (Ci)-(C4), so they define bivariant classes 
Ci G B*(X x*^ Ui). Moreover, it is clear that the classes Ci agree under the bivariant pull- 
backs B*(Xx'^Uj) ^ B*(Xx'^Ui) foreachj > i, so they define a class (Ci) G lim. B*(Xx^Ui). 
To prove that cpx is surjective, it is enough to see that 7t?Ci = Ci for each i. For this, let 
f : Y X X Ui be any morphism and form the fiber diagram 



Y 



Y 



f 

(Xx^Ui) Xxxcu, (XxGUi) 

X x'^ Ui 



P2 



X x*^ Ui 



^ ^ X x^ Ui 

with morphisms as indicated. Consider a class a G B^,(Y) and any class a G B^<(Y) such 
that 7r(^(cc) = a. Since Pi'*(Ci) = p2*(Ci), we have that 

Kci)f(a] =7r;j(Ci)p;of'(a)) =<,((f'*prci)(a)) 



Hence 7r*Ci = Ci for each i, and the proof is complete. 



□ 



5.3. Kimura Type Descent Sequence for Bivariant Theories and Inductive Computa- 
tion of Bivariant Groups. Theorem 15.31 and Theorem |5.6l below were proved by Kimura 
IIT2I in the case of Chow theory A*. We generalize his proofs to arbitrary ROBM pre- 
homology theories. 
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Theorem 5.3. Let B* be an ROBM pre-homology theory on C — Schi^ or C — G-Sch^ that 
satisfies property (D). Let n : X ^ Xbe a projective envelope in C, Y ^ Xbe a morphism in C, 
and Y = X Xx Y. Then the following sequence is exact 

(5.2) -> B*(Y ^ X) ^ B*(Y ^ X] B*(Y Xy Y ^ X Xx X). 



Vroof. Assume that 7r*c for some c G B*(Y ^ X). Given a morphism f : X' ^ X and a 

class a G B^(X'], form the fiber diagram on the left in (|5.3[) 

(5.3) 



Y' 




Y' 



Y 



Y 



4X' 




-4X' 



-4X 




4X 



>X XvX 




with morphisms labeled as indicated. Since n' is an envelope, there exists cc G B* (X') such 
that 7r:^(cc) = a. We have c(a) = c(7r^(a)) = 7r"(c(a)) = 7r"((7r*c)(a)) = 0, and it follows 
that 7t* is injective. By the functoriality of pull-backs it follows that (p^ — p|) o 7t* = 0. 

Now, let c G B* (Y ^ X) be a bivariant class such that (p^ — P2) (c) = 0. We define a class 
c G B*(Y X) as follows: Given a morphism f : X' ^ X and a class a G B*(X'), form 
once again the fiber diagram on the left in (|5.3|) , with morphisms as indicated, and define 
c(a) — ix.'l{c{oC]] , where cc G B*(X') is any class satisfying 7t^(a) = a (which exists since 
7t' is an envelope). To see that c(a) is independent of the choice of a, it is enough to see 
that <'(c(|3)) = for each class |3 G B,(X') such that <|3 = 0. Let : X' xx' X' -> X' 
and g^' : Y' xy Y' ^ Y' be the projections, for j = 1 , 2. By property (D), given such class |3 
there exists a class y G B^,(X' Xx' X') such that (3 = gu(y) — g2*(y)- Since n" o g^' = n" o g^, 
it follows that <(c((3)) = <(c(gu( y) - g2*(y))) = [{n" o gj), - {n" o g^)J(c(y)) = 0, 
and then c is well defined. It is straightforward to verify that c satisfies the conditions 
(Ci)-(C4), so this construction yields a bivariant class c G B*(Y ^ X). To finish the proof 
we show that tCc = c. For this, let f : X' ^ X be any morphism and consider a class 
(X G B*(X') and any class a G B*(X') such that nl[di) = a. Form the fiber diagram on the 
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right in (|5.3)) with morphisms as indicated. Since pt(c) — pitc), we have that 

(7t*c]f(a] =<(Cp,of'(a)] =7t:((f'*p;e](&)) 

= <((f' *p*c)(a)) = <(Cfo.'(a)) = Cf(cx). 

Hence 7T*c — c, and the proof is complete. □ 

Corollary 5.4. Let an ROBM pre-homology theory on C = Sch^ or C = G-Sch^ that 

satisfies property (D). Then for any projective envelope n:X^XinC the following sequence is 
exact 

-> B*(X) ^ B*(X) B*(X xx X). 

The following lemma is a simple consequence of the localization property (L) or of the 
property (D). 

Lemma 5.5. Let B* he an ROBM pre-homology theory onC = Schk or C = G-Sch^ that satisfies 
either property (L) or property (D). IfX — |J[^, Zi where each f ^ : Zi, X is a closed subscheme 
of X then 

B,(X]=I[^iftJB,(ZO) 

Proof. The general case follows at once from the case r = 2, so we assume that X = Zi U Z2. 
If B^, satisfies (L), we have that the following sequence is exact 

BjZi) ^ B,(X) ^ B,(X \ Zi) -> 0. 

By the compatibility of pull-backs and push-forwards and using localization it is clear 
that fil* maps fijB.lZi)) onto BJX \ Z^). It is clear now that B*(X] = fi4B*(Zi)) + 
f2*(B*(Z2)] as desired. If B* satisfies (D), the result follows since B^ is additive and the 
projective morphism from the disjoint union Zi ]J Z2 X induced by the inclusions is an 
envelope. □ 

The following result can be proved as a corollary of Theorem 15.31 It gives an inductive 
method for computing bivariant groups. 

Theorem 5.6. Let be an ROBM pre-homology theory on C = Sch^ or C = G-Sch]^. Let 

n : X ^ X be a projective and birational envelope in C. Let Y ^ X be a morphism in C and 
Y = X Xx Y. Assume that B* satisfies the conclusion of Lemma \5.5\ and that the sequence fl5.2D 
in Theorem |5J] is exact (e.g. it is enough to assume that satisfies (D)). Let n : n^^ (U) ^ U 
for some open dense U c X. Let Si C X be closed subschemes, such that X\U = USi,. Let 
Ei = TT^ (Si) and let Tt^ : Ei ^ Si be the induced morphism. Then for a class c G B*(Y ^ X) the 
following are equivalent: 

(1) c = n*[c]for some c G B*(Y ^ X). 

(2) For all i, cIe^ = 7i*[Ci) for some Ci G B*(Y Xx Si ^ Si). 
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Proof. If c = 71* (c) for some c G B*(Y ^ X), then by the functoriality of pull-backs cIei = 
7t*(c|sJ for all 1, and then @ holds if we take Ct = c|si G B*(Y Xx Si Si). Reciprocally, 
assume that there are classes Ci as in Let pi,p2 : X Xx X ^ X be the projections. By 
Theorem |5.3| it is enough to show that p|c = p|c, i.e., that for any morphism f : Z ^ X XxX 
and for any class a G B^,Z we have that (p^c)(a) = (p2c)(a). Let f( : Ei xx ^ X xx X be 
the corresponding closed embeddings and let A : X ^ X xx X be the diagonal morphism 
which is also a closed embedding. Notice that X xx X is the union the closed subschemes 
A(X) and f((Ei xxEt) for all 1. Let Zo = f"^ (A(X)] and Zi = f-^ (f((Ei xxEt)], with inclusions 
A' : Zo ^ Z and ff : Z^ ^ Z, for each i. Then, by Lemma 15.51 in order to prove that 
(p^c)(a) = (p|c)(a), we can assume that either a = ff^(ai) for some i and some (Xi G 
B^.(Zt) or a = A^(cxo] for some oio G B*(Zo). In the first case, for j = 1 and j = 2 consider 
the fiber diagram 

f( . 

Ei Xx Ei X Xx X 




with morphisms as labeled. Let A" : Zo Xx Y ^ Z Xx Y and g(' : Z^ Xx Y ^ Z Xx Y be the 
morphisms obtained from A' and ff by base change. We have 

= g!'M*c)[0Ci)) = g(U(m*cO(aO) = g('J(pjr7r,*cO(aO) 
= gu((Nopj|)*cO(aO). 

Since Tti o pi | = UiO p2|, it follows that in the first case (pi'c)(a) = (p2c)(a). In the second 
case, for j = 1 and j — 2, we have 

(p;c)(a) = (p,*c)(A:(cxo)) = A:'((p*c)((Xo)) = A:((A*p*c)(ao)) 

= A:(((pj o A)*c)(ao)) = A:'((Idx*c)(ao)) = A:'(c(ao)). 

Therefore, in the second case (p^c) (a) = (p2c) (a), and the proof is complete. □ 



5.4. Kimura Type Descent Sequence for Bivariant Equivariant Theories and Inductive 
Computation of Bivariant Equivariant Groups. Theorem 15.31 and Theorem 15.61 proved 
above can be applied to the equivariant theory B^, provided that it satisfies property (D). 
We can not prove property (D) for B^ assuming that it holds for B*. We will therefore give 
a different proof of the statements of Theorem 15.31 and Theorem 15.61 for B^ that depends 
only on B^. satisfying property (D). We give proofs for the bivariant cohomology groups 
B* (X) only 
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Theorem 5.7. Let B* be an ROBM pre-homology theory on Sch^ that satisfies properties (H), 
(L) and (D). Let n :X ^ Xbe a projective envelope in G-Schic, and let the terminology be as in 
Theorem\5^ 

(a) The following sequence is exact 

(b) Ifn is also birational, then for a class c G Bg(X) the following are equivalent: 

(1) c = n* [c] for some c G Bg(X). 

(2) For alii, c\ei = 7i*{Ci) for some Ci G Be(Si). 

Proof. (a) Since for each i the map X x Ui ^ X x is an envelope, by Corollary 15.41 
the sequence 

— > B*(X x^ Ui) — >B*(X x*^ Ui) — >B*((X Xx X) x^ Ui) 

is exact. Applying the left exact functor |im and using Proposition 15.21 gives the 
desired result. 

(b) In view of part (a), the conclusion follows from Theorem 15.61 if we show that the 
ROBM pre-homology theory B^ satisfies the conclusion of Lemma 1531 

For this, it is enough to consider the case r = 2, so we let X = Zi U Z2 and Let 
Z = Zi ]J Z2. The projective morphism Z ^ X induced by the inclusions is an 
envelope, hence B^(Z) B^(X) is surjective by Lemma |5H □ 

6. An Overview of Algebraic Cobordism Theory 

In this section we recall the definition and main properties of algebraic cobordism O*. 
This theory was constructed by Levine and Morel in IITSB . Later, Levine and Pandhari- 
pande IIT6I found a geometric presentation of the cobordism groups. We will use the 
construction of Levine-Pandharipande as the definition, but refer to Levine-Morel for its 
properties. This construction and the proofs of some of facts stated below use resolution 
of singularities, factorization of birational maps and some Bertini-type theorems, then we 
will assume for the remainder of this article that the field k has characteristic zero. 

The equivariant algebraic cobordism Clf was constructed first by Krishna IIT3B and by 
Heller and Malagon-Lopez |[TT|. Krishna and Uma |[T4|| showed how to compute the equi- 
variant and ordinary cobordism groups of smooth toric varieties; we will recall their result 
in §[71 

For X in Sch^, let A^(X) be the set of isomorphism classes of projective morphisms 
f : Y ^ X for Y G Smi^. This set is a monoid under disjoint union of the domains; let 
A^+(X) be its group completion. The elements of A^+(X) are called cycles. The class of 
f : Y ^ X in A4+(X) is denoted [f : Y X]. The group A^+(X) is free abelian, generated 
by the cycles [f : Y ^ X] where Y is irreducible. 
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A double point degeneration is a morphism 7t : Y ^ with Y G Sm^ of pure dimen- 
sion, such that Yoo = tt^^ (oo) is a smooth divisor on Y and Yq = n^^ (0) is a union A U B of 
smooth divisors intersecting transversely along D = A fl B. Define 

Pd = P(Cd(A) © Cd) = Proi^JSym^JOD(A) © O^]], 

where Cd(A) stands for Cy(A)|d. (Notice thatP(CD(A) © Ob] = P(Cd(B) © Co) because 

Let X G Schic and let Y G Sm^ have pure dimension. Let pi , pi be the two projections of 
X X P^ A double point relation is defined by a projective morphism 7t : Y ^ X x P\ such 
that p2 o 71 : Y ^ PMs a double point degeneration. Let 

[Yoo^X], [A^X], [B^X], [Pd^X] 

be the cycles obtained by composing with pi . The double point relation is 

[Yoo ^ X] - [A ^ X] - [B ^ X] + [Pd ^ X] G M+[X]. 

Let TZiX) be the subgroup of M.^[X) generated by all the double point relations. The 
cobordism group of X is defined to be 

C1,[X] = A4+(X)/7^(X). 

The group M.^{X) is graded so that [f : Y X] lies in degree dimY when Y has pure 
dimension. Since double point relations are homogeneous, this grading gives a grading 
on n*(X). We write 0.n[X) for the degree n part of n^,(X). 

There is a functorial push-forward homomorphism f^, : 0*(X) n*(Z) for f : X Z 
projective, and a functorial pull-back homomorphism g* : D.^,[Z) 0*+d(X] for g : X ^ Z 
a smooth morphism of relative dimension d. These homomorphisms are both defined on 
the cycle level; the pull-back does not preserve grading. The exterior product on 0*(X) is 
also defined on the cycle level: 

[Y ^ X] X [Z ^ W] = [Y X Z ^ X X W]. 

A much harder result proved in IITSl is the existence of functorial pull-backs g* along l.c.i. 
morphisms g, and more generally, the existence of refined l.c.i. pull-backs. 

The groups D.^ [X) with these projective push-forward, l.c.i. pull-back and exterior prod- 
ucts form an oriented Borel-Moore homology theory (see IITSl ). Moreover, with those 
refined l.c.i. pull-backs it is also an ROBM pre-homology theory (see IITSl ). 

As in the case of a general ROBM pre-homology theory, Q^. (Speck) is a ring, n4,(X) 
is a module over Cl^ (Spec k) for general X, and (X) is an algebra over (Spec k) for 
smooth X. When X is smooth and has pure dimension, we also use the cohomological 
notation 

a*(x) =adi„.x-*(x). 
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Then n*(X) is a graded algebra over the graded ring O* (Speck). The class 1x = [Idx : 
X ^ X] is the identity of the algebra. Similar conventions are used for the equivariant 
cobordism groups. 

Remark 6.1. Algebraic cobordism satisfies the homotopy property (H) and the localiza- 
tion property (L) |[15|], as well as the descent property (D) IHOH . It follows that everything 
proved in the previous sections for general ROBM pre-homology theories can be applied 
to the algebraic cobordism theory. This includes the construction of the equivariant cobor- 
dism theory Clf, the operational cobordism theory CI* and the operational equivariant 
cobordism theory D.q. This also includes the descent exact sequences for the operational 
theories CI* and CIq and the inductive method for their computation using envelopes. 

The following part of Theorem 15.71 applied to CIq (X) will be used in the next section. 

Theorem 6.2. Assume that n : X ^ X is a projective birational envelope in G-Sch^, with n : 
71^^ (U) ^ U/or some open nonempty G-eqnivariant U c X. Let St C X fee closed G-equivariant 
subschemes, such that X\U = USi. Let Et = tt'^ (Si) and let Ttt : Ei ^ Si he the induced 
morphism. Then rc* : ^^(X) C1*q{X) is injective and for a class c G ^^(X) the following are 
equivalent: 

(1) n* [c] for some c G Og(X). 

(2) For alii, cIe^ = 7r*(Ci)/or some Ci G Ile(Si). 

6.1. Formal group law. Algebraic cobordism is endowed with first Chem class operators 
associated to line bundles, whose definition agrees with the one in Definition |2.9[ We 
recall the formal group law satisfied by these operators. 



A formal group law on a commutative ring R is a power series Fr (u, v) g R|u, v] satisfying 

(a) Fr(u,0) = Fr(0,u) 

(b) Fr(u,v) = Fr(v,u), 

(c) Fr(Fr(u,v),w) = Fr(u,Fr(v,w)). 

Thus 



where aij G R satisfy Qij = Qj^i and some additional relations coming from property (c). 
We think of Fr as giving a formal addition 



There exists a unique power series x(iJ-) ^ l^M such that Fr(u, x(u.)) = 0. Denote 
[— 1]fi^u = x(iJ-)- Composing Fr and X/ we can form linear combinations 




i,j>0 



U+Fr V = Fr(u,v). 



[uiIf^Ui +Fr [UiIfrUi +Fr KFr [njFRUr G R|ui, . . .,Url 
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for rii E Z and ui variables. 

There exists a universal formal group law Fl, and its coefficient ring L is called the 
hazard ring. This ring can be constructed as the quotient of the polynomial ring Z[Aij]tj>o 
by the relations imposed by the three axioms above. The images of the variables At j in 
the quotient ring are the coefficients atj of the formal group law Fl. It is shown in |T5| 
that CI* (Spec k) is isomorphic as a graded ring to L with grading induced by letting A^j 
have degree — i — j + 1. The power series Fl(u, v) is then homogeneous of degree 1 if u 
and V both have degree 1 . 

The formal group law on L describes the first Chern class operators of tensor products 
of line bundles: 

Ci(L®M) =Fl(ci(L),Ci(M)) 
for any line bundles L and M on any scheme X in Sch^. 



7. Operational Equivariant Cobordism of Toric Varieties 
Let be a smooth quasiprojective toric variety corresponding to a fan A. Krishna 



and Uma in | |14| showed that the T-equivariant cobordism ring of Xa is isomorphic to the 
ring of piecewise power series on the fan A. Our goal here is to show that for any fan 
A, the ring of piecewise power series on A is isomorphic to the operational T-equivariant 
cobordism ring of X^. When X^ is smooth, this follows from the result of Krishna and 
Uma by Poincare duality. For singular X^ we follow the argument of Payne fTSf in the 
case of Chow theory to reduce to the smooth case. 

We use the standard notation for toric varieties 161. Let N = Z"^ be a lattice. It deter- 
mines a split torus T with character lattice M = Fiom(N, Z). A toric variety Xa is defined 
by a fan A in N . 

Every quasiprojective toric variety Xa with torus T is in the category T-Sch^, since each 
line bundle on such variety admits a T-linearization. We will write OJ(Xa) for the T- 
equivariant cobordism group of Xa. For a smooth Xa we also use the cohomological no- 
tation nj(XA) = Q^jjj,XA-*(^A]- The operational T-equivariant cobordism ring is denoted 
IIj(Xa). For smooth Xa, the two definitions of nj(XA) are identified via Poincare duality. 

7.1. Graded Power Series Rings. Let A = (DiGzAi be a commutative graded ring. The 

graded power series ring is 

A|ti,t2, . . . ,tn,|gr = ©dezSd- 

Flere Sa is the group of degree d homogeneous power series ajt', where the sum runs 
over multi-indices I = (ii , . . . , in) G Z>o, = t^,' • • • t]^ , and ai G Ad_i,, i^. 

Let T be a torus determined by a lattice N, and let xi ? • • • > Xn a basis for the dual lattice 



M. It is shown in [|T3]1 that the equivariant cobordism ring of a point with trivial T-action 
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is isomorphic to 

a*(Speck) =L|ti,...,yg„ 

with ti corresponding to the first Chern class transformation ci^(Li^J of the equivariant 
line bundle L^^. More generally, for any smooth G-variety X, let T act trivially on X. Then 

(7.1) a*,T(x)=a*(x)|ti,...,tnlgr, 

where, as before, correspond to the first Chem class transformations of L^^ pulled back 
to X. Both of these formulas are proved using the projective bundle formula from IITSi in 
the cobordism ring. 

As a matter of terminology, we identify tt with Xi and view these variables as linear 
functions on N (or on = N iX)M). The ring S = L|ti , . . . , tn]gr is called the ring of graded 
power series on N (or on Njj). The variables tt have the following functorial property. Let 
N ' N be a morphism of lattices, giving rise to an algebraic group homomorphism 
T' T of the corresponding tori. Assume that the image of N' in N is saturated. We can 
then choose a basis Xb • • • > Xn for M and a/i , . . . , for M' = Hom(N Z) so that the dual 
map M ^ M' takes: 

{^i for i = 1 , . . . , I, 
for i = I + 1 , . . . , n. 

Then the pull-back map 

a* (Spec k) = L|tt, . . . , tnjgr ^ O* , (Spec k) = L|ui , . . . , u^lg, 
is an L-algebra homomorphism taking 

Ui for i = 1 , . . . , I, 
for i = I + 1 , . . . , n. 

(The map of variables is extended to the morphism of power series rings in an obvious 
way.) We view the morphism of power series rings as pulling back power series from N 
toN'. 

As a special case, consider a saturated sublattice N ' c N giving rise to a subtorus T' c T. 
When the bases for M. and M' are chosen appropriately, the pull-back map 

a; (Speck) ^ (Speck) 

can then be identified with restriction of power series from N to N '. 

A little caution must be used when identifying Clj (Spec k) with the ring of power series 
L|ti , . . . , tn] gr- This identification depends on the chosen basis Xi > • • • > Xn for M. When we 
change the basis to a/i , . . . , v^, with the corresponding power series ring L|ui , . . . , itnlgr/ 
then the relation between and Uj is not linear like the relation between Xi and Vj . If 
Vj = ajiXi/ then one has to use the formal group law Fl to express 
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The result is a power series with only linear terms in equal to Y.i <^iiU- 

There is a one-to-one correspondence between cones G A and T-orbits in X^. Let 
be the orbit corresponding to a cone a. Then the stabilizer (of a point) of Ojj is the subtorus 
T' of T corresponding to the sublattice N' = Span a n N c N. Morita isomorphism | [T4| 
then gives 

0^(0^] = a;(T x^' Speck) = a;,(Speck). 

We denote = D.}{Oa] = IL|ti , . . . , t Jg,-, m — dim a, and call it the ring of graded power 
series on ct. When t is a face of ct, we have the inclusion of lattices Span tPiN c Span afiN, 
giving rise to the restriction map — > S^. With the basis of M chosen compatibly, this 
restriction map is the restriction of power series. 

7.2. The Sheaf of Piecewise Graded Power Series. A sheaf F of abelian groups on a fan A 
consists of the data: 

(1) An abelian group for every a E A, called the stalk of F at cr. 

(2) A morphism res^ : F^ ^ Ft: for t < a, called the restriction map. 

The restriction maps must satisfy: 

(1) res^ - Idp,. 

(2) reSp o res° = reSp for p < t < cr. 

One can give a topology on the set of cones A by defining the open sets to be subfans 
of A. Then F described above gives a sheaf on this topological space. 

The group of global sections F(A) of a sheaf F is the set of (f^) G YlaeA ^t^' such that 
res!^(f(r) — fx for every t < a. To give a global section of F, it suffices to give fa for 
maximal cones cr only. 

For a cone p G A, the star St p = {cr g A|p < a} is a closed set in the fan topology. Let 
F(Stp) be the group of global sections of the sheaf F|stp. It consists of elements (f^) G 
rio-GStp ^t^' such that res!^(fa) = fx for every t < cr g St p. 

Define the sheaf PPS of piecewise power graded series on A with coefficients in the hazard ring 
as the sheaf with stalks PPSa = and restriction maps res^ the restriction maps 
as described above. The global sections PPS (A) are called piecewise graded power series with 
coefficients in the hazard ring on A. For short, we refer to PPS as the sheaf of piecewise 
power series on A and to its global sections PPS (A) as piecewise power series on A. Note 
that the sheaf PPS is a sheaf of graded S-algebras: all stalks S^ are graded S-algebras and 
the restriction maps are homomorphisms of graded S-algebras. It follows that PPS (A) is 
also a graded S-algebra. Similarly, PPS (St p) is the graded S-algebra of piecewise power 
series on St p. 

We must again use caution when working with the restriction maps S^ S^. These 
are restrictions of power series, once we have chosen a suitable basis for M. When t' is 
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another face of a, representing the restriction map S^/ as restriction of power series 
may require a different basis for M that is compatible with cr and t'. The change of basis 
gives rise to an isomorphism of the graded power series rings that involves the formal 
group law. 

7.3. Operational Equivariant Cobordism of Toric Varieties. The inclusion map ia : 
Xa is an l.c.i. morphism when Xa is smooth, hence there exists the pull-back map: 

The following theorem was proved in |[T4||. 

Theorem 7.1. (Krishna-Uma) Let Xa be a smooth quasiprojective toric variety. Then the mor- 
phism of S-algebras 

is injective and the image is equal to the S-algebra PPS(A) of piecewise graded power series on A 
with coefficients in the hazard ring. 

In the proof of Krishna and Uma, the group D.j[X/s] stands for the cohomological no- 
tation of ^idimXA-*(^^^) ^^"^ maps 1* are l.c.i. pull-backs. We claim that the same 
statement is true for general X^ when Oy (X^) stands for the operational cobordism group 
and i* is the pull-back morphism in the operational theory. 

Theorem 7.2. Let Xa be a quasiprojective toric variety. Then the morphism of S-algebras 

is injective and the image is equal to the S-algebra PPS(A] of piecewise graded power series on A 
with coefficients in the hazard ring. 

Proof. We prove the theorem by induction on dim Xa. In the inductive proof we will need 
a slightly stronger statement. Let T' be another split torus with character lattice M'. Fix a 
basis vi , . . . , of M' and the corresponding isomorphism Hj, (Spec k) = L|ui , . . . , Um,]gr- 
We let T' act trivially on Xa. 

Instead of the theorem, we prove the following stronger statement: 
Claim. The morphism 

0.^^j,[XA]^\{S,lv.u...,Vi^l,r 

creA 

is injective and the image is equal to the graded S |ui , . . . , Vi-f^ gr-algebra PPS ( A) |ui , . . . , u^^] g^. 
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To simplify notation, let T = T x T', S = S|ui, . . . jUTulgr/ So- = S(j|ui, . . . ,Um,]gT-. The 
restriction maps are obtained by applying the restriction maps St: to the 

coefficients of a power series. This collection of rings and restriction maps defines a sheaf 
PPS on A, with global sections PPS ( A) = PPS ( A) |ui , . . . , u^] gr. We also call the S-algebra 
PPS(A) the ring of piecewise power series on A. 

For smooth the claim follows from Theorem 17. II and Equation (|7.1[) . 



When Xa is singular, we can resolve its singularities by a sequence of star subdivisions 
of A: 

Xa i — Xa' < — • • ■ < — Xa". 

We may assume by induction on the number of star subdivisions that the claim holds for 
Xa'. The morphism f : Xa' Xa is the blowup of Xa along a closed subscheme C C Xa 
with support |C| equal to the orbit closure = 0^, where 7t G A is the cone containing 
the subdivision ray in its relative interior. Let p G A' be the new ray. Then the exceptional 
divisor E = (C) has support |E| = Vp. The morphism f is a birational envelope. In order 
to use Theorem |6.2[ we need to identify Il!(C),Oi(E) and the pull-back map between 
them. 

Lemma 7.3. For any ^ n e A, the map 

is injective and the image is equal to the graded S-algebra PPS[St7r) of -piecewise power series on 

StTt. 

Proof. The orbit closure is again a toric variety corresponding to the fan A^r that is the 
image of StTt in N/(Span7r n N). We split N = Ni N2, where N2 = Spann fi N, and 
consider as a fan in N 1 . Splitting the lattice corresponds to decomposing the torus T = 
Ti X T2, where T is the big torus in and T2 acts trivially on V^. Since dim < dim Xa, 
we have by induction 

(7.2) a*,,T,xT'(V„) = PPS(A„)[ti, . . . ,t:lg,[ui, . . . ,u^lg„ 

where ti , . . . , ti. correspond to a basis of the dual lattice of N2, hence S^t = IL|ti , . . . , tijgr. 
The isomorphism in (|7.2|) is defined by pull-back maps 

for cr G StTt. Here we used the fact that if a is the image of cr in A^, then = as 
subsets of Xa- Since Sa = S^lti, . . . , t^Jgr for every o" G StTt, it follows that 

PPS(AJ[ti,...,ttlg, = PPS(StTt). 

This implies the statement of the lemma. □ 
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We can apply the previous lemma to p G A', to get that (Vp) is isomorphic to 
PPS(Stp). Moreover, the pull-back map Q.^[Xa'] ^^i^p] is simply the restriction of 
piecewise power series PPS(A') PPS(St p). 

Next we describe the pull-back morphism (Vyt) (Vp). Note that every cone in 

cr G St p lies in some cone of t G St n. Choosing a basis for M compatibly with a and t 
gives a restriction map of power series S^- It is easy to see that these maps combine 
to give a well defined pull-back map of piecewise power series PPS(St7t) PPS(St p]. 



Lemma 7.4. The pull-back morphism 

ai(V„) = PPS(St7r) 
is the pull-back of piecewise power series. 



ai(Vp) = pps(stp] 



Proof. Define a map 4) : A' ^ A so that 4^(cr) is the smallest cone in A containing a. Then 
the map f : Xa' Xa takes onto Ot^ia)- Choosing an appropriate basis for M, the 
pull-back morphism 

is the restriction of power series. 
Consider the diagram 



where all maps are pull-back morphisms. The right vertical map sends (s^) to (t(j), such 
that is the image of St^ia); this map restricts to the pull-back of piecewise power se- 
ries PPS(St7r) PPS(St p). Now it suffices to show that the diagram commutes, which 
follows from the commutativity of the diagram: 

- 



o 



for every a G St p. 



□ 



To finish the proof of the claim, we apply Theorem 16.21 with Si = C^^'^ = Vn and Ei = 
ped ^ Since the pull-back map n!(V„) Cl^Vp) is injective. Theorem 16.21 implies 
that we have a Cartesian diagram, with all maps pull-backs: 

n!(XA) > ai(v„) 
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The following diagram of piecewise power series and pull-back maps is clearly Cartesian: 

PPS(A) > PPS(St7r) 

PPS(A') > PPS(Stp). 

This implies that (Xa) is isomorphic to PPS(A). To see that the isomorphism comes 
from the maps (i*) as stated in the claim, we only need to consider the commutative 
diagram: 

Cl^X^] > Ha^ASa 

where the right vertical morphism is defined by the map cf) : A' ^ A as above. Commuta- 
tivity of the diagram shows that the inclusion map 

a; (Xa) ^ (XaO a pps(a') 

factors through YlaeA ^<^- The image of Qi (Xa) in Yl^eA then equal to PPS(A). □ 
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